In this paper, I have used simple arbitrage argument to derive a dozen of model-free option price properties. In addition to deriving the Greeks under model-free framework, the results show that first, in contrast to the traditional view, a European call (put) option for a non-dividend-paying asset can also be a European call (put) option for any other non-dividend-paying asset, and every non-dividend-paying asset is also both a European call option and a European put option for any other non-dividend-paying asset.
Introduction
Start from the seminal work of Black and Scholes (1973) , various option price properties have been derived under the Black-Scholes-Merton and binomial option pricing models. Up to now, there are only a few model-free option price properties developed in the literature. In this paper, I use simple arbitrage argument to derive a dozen of model-free option price properties. In addition to deriving the Greeks under model-free framework, the results show that first, in contrast to the traditional view, a European call (put) option for a non-dividend-paying asset can also be a European call (put) option for any other non-dividend-paying asset, and every non-dividend-paying asset is also both a European call option and a European put option for any other non-dividend-paying asset. Second, in some cases the time value of the European put option can be negative, and adjust the exercise price of an option can decrease or even erase the time value of the option. In Section 3, I also use the Arbitrage Theorem under the binomial option pricing model to examine these properties.
Model-Free Option Prices
A call option gives its owner the right to purchase an asset (the underlying asset) for a given price (the exercise or strike price: K ) on or before a given date (the expiration date: T ). A put option gives its owner the right to sell an asset for a given price on or before the expiration date. European options can only be exercised on the expiration date. American options can be exercised on or before the expiration date. Because American options have more choices, they are more valuable than European ones.
The following are some important properties of options. Consider two portfolios at 0  t , where the underlying asset is one share of a non-dividend-paying stock, and the simple risk-free interest rate between 0  t and T t  is r :
Portfolio A: one European call option c with exercise price K , and cash r K  1 deposited in a bank;
Portfolio B: one European put option p with exercise price K , and a share of the stock 0 S . On the expiration date T t  , both portfolios give exactly the same payoff: ] , [ K S Max T . Thus, the costs of the two portfolios at 0  t must be the same:
Equation (1) is called the put-call parity. Suppose Equation (1) doesn't hold:
. Then an investor can immediately get net profit by adopting the following strategy: (i) sell one call and borrow r K  1 from a bank; and (ii) buy one share of the stock and one put option. At T t  , if K S T  , the investor obtains zero profit by letting the put option expire, selling the share of the stock to the holder of the call option at the price K , and giving K to the bank. If K S T  , the investor obtains zero profit by exercising the put option and giving K to the bank. . Then an investor can immediately get net profit by adopting the following strategy: (i) short-sell one share of the stock and sell one put option; and (ii) buy one call and
T  , the investor obtains zero profit by using cash K from the bank to exchange for one share of the stock from the holder of the put option, and then give back one share of the stock. If K S T  , the investor obtains zero profit by using cash K from the bank to exercise the call option, and then give back one share of the stock.
From equation (1) it is easy to find that since call and put options are rights, i.e., their values cannot be negative, we have the following lower bounds for European call and put options:
, then an investor can immediately obtain net profit by short-selling one share of the stock, buying one call option, and depositing cash
the investor obtains zero profit by using cash K from the bank to exercise the call option, and then give back one share of the stock. If K S T  , the investor can obtain net profit:
from the bank and spending T S to buy one share of the stock from the market, and then giving back that share of the stock.
, then an investor can immediately obtain net profit by borrowing cash r K  1 from a bank and buying one share of the stock and one put option. At 
, we obtain:
Note that equation (1), the put-call parity, is also a restatement of the Modigliani-Miller capital structure irrelevancy proposition (i.e., the market value of the firm is independent of its capital structure). 
imply: lower equity value, higher debt value, no change in the market value of the firm, and r
) and other factors (including 0 S and K ) remain constant, then the firm's debt value will decrease, i.e.,
, and
(i.e., the firm's equity value will increase). Thus, 0    r c .
(ii) At 0  t , for given K and r , riskless debt is: r K  1 , and risky debt is:
) and other factors remain constant, we will have:
T  , then the equityholders will not pay K , and the debtholders will have the firm
) and other factors
, and:
). This is impossible since 0 0  S . If this case holds, it will mean that increasing the market value of the firm will make both equityholders and debtholders suffered.
). This means that when 0 0  S (the market value of the firm increases), the equity value will decrease, the debt value will increase, and there will be some wealth transferring from the equity to the debt. This result is unlikely. Note that when the debt is riskless, i.e., r
only increases the equity value:
and has no effect on the debt. It is implausible that when changing riskless debt to risky debt, 0 0  S will only benefit debtholders and make equityholders suffered. ). This means that 0 0  S will benefit both equityholders and debtholders.
For example, in the Black-Scholes-Merton option pricing model,
where  is the volatility.
In the binomial option pricing model where 0 S could go up to
In the finance literature, the intrinsic value of an option is defined as the maximum of zero and the value the option would have if it were exercised immediately. 
. We have the following result:
Property 2.6 Even without changing the expiration dates, issuers of European options can adjust exercise price K to change the time value of European options. 
, and T is one month. It is very unlikely that after one month, the firm's stock price will be less than $10.2. Thus, this call option's price at 0  t should be:
, then at 0  t an investor can sell one call option, borrow % 2 1 2 . 10 $  from a bank, and buy one share of the stock to earn
, the holder of the call option will spend $10.2 to exercise the option, and the investor will obtain zero profit by giving the share of the stock to the holder and paying $10.2 to the bank.
6
For the put option, we have:
Property 2.7.2 If in equation (1), K is very big relative to 0 S and T is short so that at
, and the European put option price is:
Here c is also the value of a forward contract on the non-dividend-paying underlying asset. Suppose there already exists a forward contract with K as its delivery price. Then, the value of this forward contract f at the current time, i.e., at 0 , the relationship between the forward price and the spot price, we get
In the Black-Scholes option pricing model, the European call option price is: 
, the holder of the put option will exercise the option, and the investor will obtain zero profit by transferring $204 from the bank to the holder and giving back one share of the stock.
Property 2.7.3 From Properties 2.7.1 and 2.7.2, the Greeks for the European call and put options are:
Property 2.7.4
From Property 2.7.1, r
, the time value of the call option is: , the time value of the put option is:
Interestingly, the time value of the European put option is negative.
7 When K approaches zero, the time value of the call option will disappear, and 0 S c C   , i.e., the call is like a transferrable restricted stock. These results and Property 2.6 show that, in addition to time, other factors can also affect the so-called time value of options. (ii) For any two non-dividend-paying stocks with the same current share prices 0 S , and the same European put option's exercise price K and expiration date T , suppose K is very big relative to 0 S and T is short so that at T t  almost surely K S T  . Then, these two stocks' put option prices at the current time must be the same:
The above results show that an asset's call or put option can directly be used as another asset's call or put option. This finding challenges the conventional view that an option must be derived from or dependent on some specific underlying asset. Note also that the price behaviours (probability distributions) of the two underlying assets are irrelevant in pricing these options. To price these options all we need are: K , r and 0 S , where K is determined by the issuer of options, r is determined by the economy, and 0 S is influenced by both the economy and the individual company. This indicates that an asset's current price 0 S may reflect not only the asset's past information but also the market's expectations about the asset's future performance. 
Property 2.10 Every non-dividend-paying asset can be written as a European call option and a
European put options for any other non-dividend-paying asset (including itself). , where
and T is one month;
(ii) a European put option for one-tenth unit of the first asset: 
, and T is one month.
The Arbitrage Theorem and Properties of the Binomial Option Pricing Model
Chang (2012) has introduced the Gordan Theorem/the Arbitrage Theorem (see also Bazaraa et al., 1993, p. 47) .
Gordan Theorem (The Arbitrage Theorem):
Let A be an n m matrix. Then, exactly one of the following systems has a solution: In System 2 of the Arbitrage Theorem, the vector p (which is not the same as the probability measure in the real world) is usually termed as the risk neutral probability measure, and i p , m i ..., , 1  , can be interpreted as the current price of one dollar received at the end of period if state i occurs. If the matrix A has rank m (i.e., the matrix has m independent rows), the risk neutral probability measure p will be unique. m independent rows of A also means a complete market, i.e., every asset can be replicated by other m assets. In incomplete markets, assets may not be replicated, but with no arbitrage (i.e., System 2 of the Arbitrage Theorem has a solution), they are still priced by the same (which may not be unique) risk neutral probability measure. That is, at time one, when Security 2 provides $8, Security 3 will provide $750; and when Security 2 provides $2, Security 3 will provide $250. In this case, the two securities are not governed by the same risk neutral probability measure (i.e., System 2 of the Arbitrage Theorem has no solution): By System 1 of the Arbitrage Theorem, there must exist arbitrage strategies: e.g., at time 0, we can short sell one share of Security 3, buy 60 shares of Security 2 and invest $260 ) 60 4 500 (    in the money market, and at time 1 we can get net profit: When investors adopt this strategy, the time-0 price of Security 2 will go up and that of Security 3 will go down. In equilibrium (with no arbitrage), the time-0 prices of the two securities will adjust to the point that they all are priced by the same risk neutral probability measure, say, are linearly independent, and the number of the linearly independent vectors equals the number of the states of the nature. Hence, by System 2 of the Arbitrage Theorem, the market is complete, and with no arbitrage, there exists a unique risk-neutral probability measure Equation (2) can also be written as: 
By System 2 of the Arbitrage Theorem, the prices of these assets are: An example could be: 
